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Abstract 

Let 5 be a hyperbolic surface and let S be the surface obtained from S by remov- 
ing a point. The mapping class groups Mod(S) and Mod(S) fit into a short exact 
sequence 1 — > %\ (5) — > Mod(S) — > Mod(S) — > 1 . If M is a hyperbolic 3-manifold 
that fibers over the circle with fiber S, then its fundamental group fits into a short 
exact sequence 1 — ¥ 1t\ (S) — > K\ (M) — > Z — s- 1 that injects into the one above. 

We show that, when viewed as subgroups of Mod(S), finitely generated purely 
pseudo-Anosov subgroups of Tt\ (M) are convex cocompact in the sense of Farb and 
Mosher. More generally, if we have a 5-hyperbolic surface group extension 1 — > 
K\ (S) —¥ Tq — > — ► 1 , any quasiisometrically embedded purely pseudo-Anosov 
subgroup of r@ is convex cocompact in Mod(5). We also obtain a generalization 
of a theorem of Scott and Swarup by showing that finitely generated subgroups of 
%\ (S) are quasiisometrically embedded in hyperbolic extensions T@. 

1 Introduction 

In [10], Farb and Mosher defined a notion of convex cocompactness for subgroups © < 
Mod(5') of the mapping class group of a closed hyperbolic surface S by analogy with 
the notion of that name in the theory of Kleinian groups. This analogy was extended 
by the second and third authors [15, 16]. On the other hand, combining the results of 
Farb-Mosher [10] and Hamenstadt [1 1], it follows that the associated K\ (S)-extension 
T of © < Mod(S) given by 

i — > m(s) — > r — > © — > l 

is 5-hyperbolic for some 8 if and only if is convex cocompact. For punctured 
surfaces, one has a similar statement for orbifold extensions [10], or one can replace 
hyperbolicity with relative hyperbolicity [21]; see Section 2.6. 

If © < Mod(5') is convex cocompact, then it must be finitely generated and purely 
pseudo-Anosov, meaning that every infinite order element is pseudo-Anosov. On the 
other hand, if © is purely pseudo-Anosov then the (orbifold) extension T© has no 
Baumslag-Solitar subgroups. As such subgroups are the natural obstructions to being 
hyperbolic, Farb and Mosher [10] asked 
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Question 1. If < Mod(S) is a purely pseudo-Anosov, finitely generated free group, 
is convex cocompact? 

The hypotheses imply that T© has a 3-dimensional K(Fs, 1), and so this is in fact 
a special case of a question of Gromov, see [14]. More generally one can ask if ev- 
ery finitely generated purely pseudo-Anosov subgroup is convex cocompact. These 
questions seem difficult in general as the class of purely pseudo-Anosov subgroups is 
somewhat mysterious. 

We attack Question 1 for certain classes of purely pseudo-Anosov subgroups re- 
lated to the Kleinian origins of convex cocompactness. Recall that if M = H 3 /r is an 
orientable finite volume hyperbolic 3-manifold that fibers over S l with fiber S, and S 
denotes the surface equipped with a distinguished basepoint, then there is a natural in- 
jection r — > Mod(S); see sections 2. 1 and 2.5. We may then view any subgroup G < T 
as a subgroup of Mod(S). 

Theorem 1.1. Let T be the fundamental group of hyperbolic 3-manifold that fibers 
over the circle with fiber S, considered a subgroup o/Mod(S). If G is a finitely gener- 
ated purely pseudo-Anosov subgroup ofY, then it is convex cocompact. 

This is a generalization of the second and third authors' work with Schleimer [17], 
where the subgroup G was contained in the fiber group 7i\ (S) < %\ (M) = T. There the 
group G could be naturally identified with a Fuchsian group, and 2-dimensional hyper- 
bolic geometry could be used to provide the additional leverage needed to prove convex 
cocompactness. In Theorem 1.1, G is naturally a Kleinian group, and 3-dimensional 
geometric techniques can be applied in a similar way to prove convex cocompactness, 
though there are a number of technical difficulties we must deal with. 

The ideas used to deal with these difficulties apply in a more general setting. Specif- 
ically, given < Mod(S), the extension r© also naturally injects into Mod(S). 

Theorem 1.2. Suppose S is a closed surface, © < Mod(S) is a convex cocompact 
subgroup and G < r© is a finitely generated quasiisometrically embedded subgroup. 
If G is purely pseudo-Anosov as a subgroup q/Mod(5), then it is convex cocompact. 

In [25], Scott and Swamp prove that if T is the fundamental group of a hyperbolic 
3-manifold fibered over the circle with fiber S, then any finitely generated infinite- 
index subgroup of the fiber subgroup %\ (S) < T is convex cocompact. A consequence 
of our work is the following generalization of this to arbitrary hyperbolic extensions 
r©. See [20] for a discussion of an analog for hyperbolic free-by-cyclic groups. 

Theorem 1.3. Let 

i — > m{s) — > r© — > © — > l 

be a 8-hyperbolic surface group extension. If H is a finitely generated infinite-index 
subgroup of %\ (S), then H is quasiisometrically embedded in T©. 

This theorem follows from Proposition 8.1, and is proven in the final section. 
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2 Background 



2.1 Hyperbolic geometry 

An orientable hyperbolic n-manifold is the quotient of hyperbolic n-space W by a 
discrete torsion-free subgroup of Isom + (H"). We will be primarily interested in the 
case of n = 2,3, where such a group is called a (torsion-free) Kleinian group. A 
Kleinian group G is called a lattice if the volume of W/G is finite. 

Hyperbolic space is compactified by adding a sphere at infinity cLH" to obtain a 
ball H = H" U <9ocH". The limit set of a Kleinian group G is the set of accumulation 
points of any orbit 

A g = G^ : \G-jcc<9ocH". 

The limit set is independent of the choice of point iel" used to define it. The con- 
vex hull of the limit set is the smallest closed convex set in H" whose closure in H 
contains A<j, and will be denoted 

Hull(G) C M". 

Since Ag is G-invariant, so is Hull(G). 

We say that a Kleinian group G is convex cocompact if Hull(G) /G is compact. If 
G is convex cocompact, then it is purely hyperbolic, meaning that every infinite order 
element is hyperbolic. In dimension 2, the converse is true for finitely generated G. 

Theorem 2.1 (see [2, Theorem 10.1.2]). A torsion-free Kleinian group G < Isom + (H 2 ) 
( usually called a torsion-free Fuchsian group ) is convex cocompact if and only if it is 
finitely generated and contains no parabolics. □ 

The situation is more complicated when G < Isom + (H 3 ). For this case, we con- 
sider a special situation. Suppose T < Isom + (H 3 ) is a torsion-free lattice. Let M = 
H 3 /r. Suppose that M fibers over the circle with fiber a surface S 

S— >M — > S l . 
Then the fundamental groups fit into a short exact sequence 

i — > m(s) — > r — > z — > i, 

where T — K\{M) and Z = Ki(S l ). In particular, the subgroup K\(S) < T is a finitely 
generated, infinite-index, normal subgroup of T that we call a fiber group. By normal- 
ity, we have equality of the limit sets A. 7Cl rg\ = Ap = Si and there is an infinite-sheeted 
covering 

Huii(^i(s))/wi(s) = Huii(r)/?Ti(s) — >Huii(r)/r. 

By the Tameness Theorem [1, 6] and the Covering Theorem [8, 7], this is essentially 
the only type of subgroup of T which fails to be convex cocompact: 
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Theorem 2.2. Suppose Y < Isom + (H 3 ) is a torsion— free lattice, andG < Y is a finitely 
generated subgroup without parabolics. Then either G is convex cocompact, or else 
there is a subgroup G < G with index at most 2 and a finite index subgroup Y < Y such 
that G <Y is a fiber subgroup. □ 



2.2 Coarse geometry 

Let 8 > 0. A geodesic triangle A in a geodesic metric space X is 5-thin if each of its 
sides lies in the 5-neighborhood of the union of the other two sides. A geodesic metric 
space X is 5-hyperbolic if every geodesic triangle is 5-thin. 

Let K and C be positive numbers. A map /: X — ► Y between metric spaces is a 
(K, C)-quasiisometric embedding if 

-d x (a,b)-C< d Y {f(a)J{bj) < Kd x (a,b)+C 

A 

for all a and b in X. A quasiisometric embedding / is a quasiisometry if its image is 
D-dense for some D. A quasiisometric embedding Q : / — >• X from an interval / CI 
into X is called a quasigeodesic. 

If A > 0, a subset Y of a geodesic metric space X is A-quasiconvex if each geodesic 
joining points of Y lies in the A-neighborhood of Y. 

The Gromov boundary d^X of a proper 5-hyperbolic space X is defined to be 
the set of equivalence classes of quasigeodesic rays S: [0,°°) — > X, where two rays 
are equivalent if they have finite Hausdorff distance. In this way each biinfinite quasi- 
geodesic determines two distinct endpoints at infinity. The following consequence of 
5-hyperbolicity is well known; for a proof see [5, Theorem III. 1.7]. 

Theorem 2.3 (Stability of quasigeodesics). Given K,C,8 > 0, there exists a stability 
constant R > with the following property: For any (K ,C)-quasigeodesic S' in a 8— 
hyperbolic space X, every geodesic S in X with the same endpoints (possibly at infinity) 
has Hausdorff distance at most Rfrom 9'. □ 

A finitely generated group is made into a metric space by equipping its Cayley 
graph with the path metric induced by declaring that edges have length one and giving 
the group the subspace metric. Up to quasiisometry, this metric does not depend on the 
finite generating set. The group is said to be 5-hyperbolic if there is a choice of finite 
generating set such that its Cayley graph is 5-hyperbolic. We will make frequent use 
of the following well-known fact; see [5, Proposition 1.8. 19] for a proof. 

Theorem 2.4 (Svarc-Milnor lemma). IfX is a proper geodesic metric space, and G 
acts properly and cocompactly on X, then X and G are quasiisometric. In fact, for any 
x in X, the orbit map G — > X given by g t-> gx is a quasiisometry. □ 

The following is a straightforward consequence of the stability of quasigeodesics. 

Proposition 2.5. If Y is 8-hyperbolic and G <Y is finitely generated, then G is quasi- 
isometrically embedded if and only if it is quasiconvex. □ 

We conclude this section by noting that, for Kleinian groups, convex cocompact- 
ness may be reformulated in terms of coarse geometry as follows. 
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Theorem 2.6. A Kleinian group G < Isom + (H") is convex cocompact if and only if 
the orbit map G — > G ■ x C BP is a quasiisometric embedding. □ 

2.3 Mapping class groups and the complex of curves 

Let 5 be a finite-volume hyperbolic surface, we may then identify 7t\ (5) with a lattice 
in Isom(H 2 ) and write 5 = H 2 /^ (5). The complexity of 5 is % (5) = 3g — 3 + n, where 
g is the genus of 5 and n is the number of its punctures. We assume throughout that 
> 1) which means that 5 has negative Euler characteristic and is not a thrice- 
punctured sphere. The mapping class group Mod(5) of 5 is the group of isotopy 
classes of orientation-preserving homeomorphisms of 5. 

The mapping class group acts on a number of spaces, but for our purposes, the 
most important one is the complex of curves 6(5). This is a simplicial complex whose 
vertices are isotopy classes of essential simple closed curves — these are precisely the 
isotopy classes with simple closed geodesic representatives. When 4(5) > 1, we say 
that k + 1 distinct isotopy classes span a ^-simplex if and only if they can be realized 
disjointly on the surface (equivalently, their geodesic representatives are all disjoint). 
When 4(5) = 1, the surface 5 is either a once-punctured torus or a four-times punc- 
tured sphere. In these cases, k+ 1 isotopy classes are the vertices of a A:-simplex if and 
only if they pairwise intersect once or twice, respectively. 

We view 6(5) as either a combinatorial object or a geometric object. For the latter, 
we declare each simplex to be isometric to a regular Euclidean simplex, and give 6(5) 
the induced path metric. We make extensive use of the following celebrated theorem 
of Masur and Minsky [19]. 

Theorem 2.7 (Masur-Minsky). For any 5 there is a 8 > such that 6(5) is 8- 
hyperbolic. □ 

An element of Mod(5) is pseudo-Anosov if it has positive (asymptotic) translation 
length on 6(5). That is, the pseudo-Anosov elements are precisely the analogues of the 
hyperbolic isometries of BP, 

2.4 Exact sequences 

We will also be concerned with the marked surface 5, which is simply the surface 5 
equipped with a distinguished basepoint (or an additional preferred puncture). In the 
corresponding based mapping class group Mod(5), homeomorphisms and isotopies are 
required to fix the basepoint. There is a natural surjection Mod(5) — > Mod(5) obtained 
by simply 'forgetting' the basepoint. Birman [3, 4] showed that the kernel of this map 
may be identified with %\ (5) thus giving an exact sequence 

1 — ► %x(8) — > Mod(5) — > Mod(5) — ► 1. C 1 ) 
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The injective homomorphismMod(5') — > Out(^i (S)) naturally gives rise to an inclusion 
of short exact sequences 



1 — > %\ (S) > Mod(S) > Mod(S) > 1 

II I I (2) 

1 — > 7Zi(S) — > Aut(m(S)) — > Out(wi(S)) — > 1 

The following result of Kra [18] provides many pseudo-Anosov elements. Recall 
that a loop y G n\ (S) is filling if the geodesic representative of the free homotopy class 
cuts S into disks and once-punctured disks. 

Theorem 2.8 (Kra). An element y G H\ (S) is pseudo-Anosov as an element o/Mod(5) 
if and only if y is filling as an element of K\ (S). □ 

2.5 Surface and orbifold group extensions 

Given © < Mod(S), the exact sequence (1) can be used to describe a K\ (S)-extension 
r©. Specifically, we can define T© as the preimage of © in Mod(S), which gives rise 
to an inclusion of short exact sequences 

i — > Ms) > r© > © > l 

II I I (3) 

1 — > % x (S) — > Mod(S) — > Mod(5) — > 1 

When = (<p), and (p is pseudo-Anosov, then T© = 7Z\ (M), where 

M (fl =5x[0,l]/(jc,l)~(<p(jc) ) 0) 

is the mapping torus of (p. By Thurston's Geometrization Theorem [22, 23, 24, 12], we 
have M = H 3 /r with T© = TZ\ (M) = F < Isom + (H 3 ). In particular, this allows us to 
view r and its subgroups as both Kleinian groups and subgroups of Mod(5). 

When S has punctures, there are other extensions of ©. Namely, replacing each 
puncture of S with a cone point of some order, we consider S as a hyperbolic orbifold. 
There is an inclusion Mod(S) — > Out(7Ti (5) orb ), and we build an extension r^ b as the 
preimage in Aut(7Ti (S) orb ) 

1 — > 7Ti(S) orb > r° rb > © > 1 

II I I 

1 — > 7ri(5) orb — > Aut(^(5) orb ) Out(^i(5) orb ) — > 1 



2.6 Convex cocompactness 

Farb and Mosher defined convex cocompactness for G < Mod(5') in terms of the action 
of Mod(5) on Teichmiiller space. An equivalent formulation mirroring Theorem 2.6 
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is that G is convex cocompact if and only if G is finitely generated and the orbit map 
G — > G- v C 6(5) is a quasiisometric embedding (for any v G 6(5)), see [15] or [11]. 
Analogous to the Kleinian group setting, if G is convex cocompact, it is 5-hyperbolic 
and purely pseudo-Anosov. 

The following provides the link with the coarse geometry of surface group exten- 
sions and combines the results of Farb-Mosher [10] and Hamenstadt [11]. 

Theorem 2.9. Suppose S is a closed surface and < Mod(5) is a subgroup. Then © 
is convex cocompact if and only ifF® is 8-hyperbolic. □ 

Although we will not need it, this theorem is also true when S has punctures, pro- 
vided we replace T© with rQ lb . More recently, Mj-Sardar [21] proved that ® is convex 
cocompact if and only if T@ is hyperbolic relative to the peripheral subgroups. 

3 Convex cocompactness as a Kleinian group. 

We now embark on the proof of Theorem 1.1, letting F be the fundamental group of a 
hyperbolic 3-manifold M fibering over the circle with fiber S, considered a subgroup 
of Mod(5). Let G be a finitely generated purely pseudo-Anosov subgroup of F. 

Lemma 3.1. G is a convex cocompact Kleinian group. 

Proof. By replacing G with a subgroup of index at most two (which does not change 
the conclusion), Theorem 2.2 implies that either G is convex cocompact, or G contains 
a parabolic, or G is a fiber subgroup of a finite index subgroup F < F. 

We begin by observing that any element of F which is pseudo-Anosov in Mod(5) 
must be hyperbolic. For if not, it would be parabolic and hence contained in a maxi- 
mal parabolic subgroup which is isomorphic to Z 2 . Since the centralizer of a pseudo- 
Anosov element is virtually cyclic (contains a cyclic subgroup of finite index), it cannot 
be contained in any subgroup isomorphic to Z 2 , and therefore cannot be parabolic in 

r. 

Therefore we must show that G is not a fiber group of some F < F. We assume that 
it is and derive a contradiction. 

To this end, we let M — > M denote a finite cover that fibers over S with a fiber 
subgroup G, and let F < F denote the corresponding subgroup of the fundamental 
group. Then G is a normal subgroup of T with F/G = Z. Since r/(r l~l %\ (S)) = Z, it 
follows that 

[f,f] <Gn^i(5)nf 

where [r,r] is the commutator subgroup. 

Now consider any strict essential subsurface T,cS, and let Eo be any component of 
the preimage of E in the (finite-sheeted) covering S — > S, corresponding to 7i\ (S) C\T < 
K\ (S) . Any nontrivial commutator in %\ (Eo ) < Tt\ (S) has infinite order (since all groups 
in question are torsion-free) and lies in [r, F], hence also in G. On the other hand, every 
element of 7Ti(Eo) projects to a loop in E, and hence a nonfilling loop in S. It follows 
that G contains an infinite order element which is not pseudo-Anosov. This contradicts 
the assumption that G is purely pseudo-Anosov and completes the proof. □ 
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4 Metrics and covers. 



The 3-manifold M is a quotient of H 3 by T, and so has a quotient hyperbolic metric 
we denote by d. We will want to consider an auxiliary metric d constructed as follows. 
The manifold M is the mapping torus of <p : S — >• S, and we choose a suspension flow 
(p t . That is, % is a flow transverse to the fibers such that <p, sends fibers to fibers for 
all ?, and <p\ is the first return map on each fiber. We choose a Riemannian metric so 
that the induced metric on each fiber is a hyperbolic metric, and so that q>, is a flow 
along flow lines that are orthogonal to the fibers. We let d denote the metric induced by 
this Riemannian metric. We also assume that the Riemannian metrics defining d and 
d agree on some horoball neighborhoods of the cusps when M is noncompact. This is 
possible since the fibration can be chosen so that in the hyperbolic metric d, the fibers 
intersect the cusps in totally geodesic surfaces, and so that the integral curves of the 
suspension flow are horocycles orthogonal to the fibers. 

By compactness of the complement of the horoball cusp neighborhoods, the iden- 
tity (M,d) — y (M,d) is bilipschitz. It follows that the same is true for any cover of M 
if we pull back the metrics d and d. 

We let Ms — > M be the cover corresponding to %\ (S), which fibers over M by lift- 
ing the fibration M — > S 1 . We record this, together with the homeomorphisms of the 
universal cover H 3 = H 2 x R and M$ = S x R in the following commutative diagram: 

H 3 > M s > M 

tfxl — > S x R 

R = R > S l 

We pull the metric d on M -> S 1 back to H 3 and M s . We let H, 2 = H 2 x {t} and 
S t = S x {t } denote the fibers of the fibrations H 3 — !> R and M s — > R, respectively. We 
equip these fibers with their path metrics induced by d. 

We assume that in addition to being purely pseudo-Anosov and finitely generated, 
G < r is not contained in K\ (S): if G < %\ (S) then we can apply [17], and G is convex 
cocompact in Mod(5). Let Go = G (~l %\ (S), which is the kernel of the homomorphism 
to 77 : G ->■ Z. 

1 — > Go — ► G Z — > 1 

By replacing Y with a finite index subgroup (namely the preimage in Y of the image of 
G in Z), we can assume without loss of generality that G —> Z is surjective. We also 
let g G G be an element that maps to 1 in Z. If Go is trivial, then G is cyclic and we're 
done, so we assume Go is nontrivial. 

We consider the covers Mo Q — > Mq — > M corresponding to Go < G < Y, as well 
as the cover Sc S corresponding to Go < lti(S). We can add this to the previous 
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diagram to get 



H 3 



I 



-> M, 



Go 



H 2 xl — > S Go x : 



-> Ms 



Sx 



-> M 



Keeping with the same notation, we write Sc Q .t = 5g x {f } with its induced hyper- 
bolic metric. 



Notation. The metrics d and d both pull back to metrics on all the covers, and we 
denote these by the same names d and d. 

For any of the spaces that fiber over R, we write d t for the path metric on the fiber 
over t £ R induced by d. By construction, d t is a hyperbolic metric on each fiber. 
For metric-dependent constructions we will add a prefix to the name to signify what 
metric is being used in the construction. For example, we will refer to o! r -geodesics, 
<i r -diameter, t/ ; -Hausdorff distance, et cetera. If there is no prefix this signifies that the 
metric d is being used, though we will sometimes include the d for clarification. 



5 Simplex hulls 

For any simplex u C 6(5), we consider the stabilizer of u in Tl\(S) < Mod(5). This 
is the fundamental group of the subsurface determined by u, see [17] for a detailed 
discussion. Since the stabilizer %\ (5)„ acts on H 3 as well as each H 2 for every t , we can 
consider the convex hull of its limit set in any one of these spaces. We write Hu11(m) C 
H 3 for the of-convex hull in H 3 and Hull, (u) C H ; 2 for the J r -convex hull in H ( 2 . By the 
main theorem of [25], the limit set of Hu11,(m) in cLH 2 maps homeomorphically onto 
the limit set of Hu11(m) in cLH 3 . 

Given any y G T we have 7(Hull(w)) = Hull(y- u), where y acts on 6(5) via the 
inclusion T < Mod(5) from (3). 

Proposition 5.1. There exist K,C,R > with the following property. For any simplex 
u C 6(5) there exists at u GZ satisfying ty. u = t u + f]{y)for all y £ F, and such that the 
following holds. 

1. The inclusion Hull r „ (u) — > H 3 is a (K, C)—quasiisometric embedding. 

2. For any z,w £ Hu11(m), there exists z' ,w' £ Hullr 1( (u) such that 

d(z,z'),d(w,w') <R 

and the d tl -geodesic [z,w] tu C Hull fu (M) and the d-geodesic [z,w] C Hu11(m) 
have d-Hausdorff distance at most R. 
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One of the key ingredients in the proof of this proposition is the following result 
from [13]. 

Proposition 5.2. There exists W > such that for any simplex u C 6(5), the image of 
Hu11(m) in K under the projection H 3 = H 2 xl->l onto the second coordinate has 
diameter at most W. □ 

Lemma 5.3. There exists 8 > such that for n = 2 or 3 the following holds. Let Z be 
a closed subset of eLlHI". Then any geodesic segment [z,w] in the convex hull Hull(Z) 
in W has Hausdorff distance at most 8 from a geodesic segment [zg,wq\ which is 
contained in a biinfinite geodesic in Hull(Z). 

Proof. Extend [z,w] as far as possible in both directions. If it extends indefinitely 
in both directions in Hull(Z), then [z,w] is itself contained in a biinfinite geodesic in 
Hull(Z) and we are done. If not, then [z, w] is contained in 3, a geodesic segment or ray 
that terminates in the boundary of the convex hull. By moving 3 a uniformly bounded 
amount to some 3' if necessary, we can assume that each endpoint lies on a biinfinite 
geodesic in the boundary of Hull (Z), and that 3' has length at least 10, say. This follows 
from the fact that if Hull(Z) has dimension 2, then the boundary of Hull(Z) is a union 
of biinfinite geodesies, and if Hull(Z) has dimension 3, its boundary is a hyperbolic 
surface bent along a geodesic lamination [9]. To each endpoint of 3', append a ray of 
the biinfinite geodesic in the direction that makes the larger of the two angles with 3' 
(which is at least 7z/2). The resulting broken geodesic is a uniformly bounded distance 
from a biinfinite geodesic, and this geodesic contains [z,w] in a uniformly bounded 
neighborhood, as required. □ 

Proof of Proposition 5.1. Let W > 1/2 be as in Proposition 5.2. Therefore, for each u 
there exists an integer t € K such that 

Huh» CH 2 x[t-W,t + W]. (4) 

The action of r on i 2 x 1 descends to an action on R given by translation under 
r\ . Therefore, the projection of 

Hull(y-w) = yHull(w) 

to R is the image of Hu11(m) under the projection, after translating by rj (7). It follows 
that if t is an integer satisfying (4) for u, then 

Hull(y • u) c H 2 x [t u + 77 (7) - W, t u + tj (y) + W]. (5) 

Let T be a transversal for the action of F on the set of simplices in 6(5), that is, 
a choice of simplex from each F orbit. For any u 6 T, pick t u = t satisfying (4), then 
define ty. u — t u + 77 (7) for any u 6 T and 7 € F. From (5), it follows that 

Hull( M ) ctfx [t u - W, t u + W] 

for every u G C(»S). Since Tj is a hoiTioniorphisni, ty. u — t u + 7] (7) holds for every 7 G F 
andw c e(S). 

Given any integer f, let d* denote the path metric onH 2 x[f-W,f + W] induced 
by the hyperbolic metric d. 
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Claim. There exists K > such that the inclusion 

H 2 -^H 2 x [t-W,t + W] 
is a K-bilipschitz embedding ( with respect to d t and d t x ). 

Proof of Claim. Let d* denote the path metric on H 2 x [t — W 7 t + W] induced by d. 
Let Kq be the bilipschitz constant for the identity map between df and df . It follows 
that the inclusion 

H 2 -» H 2 x [t-W,t + W] 

with respect to d t and d, x is A^-Lipschitz. 

There is a > 1 such that the suspension flow <p, is ^-bilipschitz with respect to 
d. This follows from compactness of the complement of the cusp neighborhoods and 
the fact that the flow is by isometries on the cusp neighborhoods. Lifting this flow to 
H 3 , we can use it to define a projection 

H 2 x [t — W,t + W]-t H r 2 

by projecting out the flow lines. This is ZfJ^-Lipschitz with respect to df and d t , and 
hence A'oA'f-Lipschitz with respect to df and d t . Setting K = KqK^ > Kq, it follows 
that the inclusion 

H, 2 — s- H 2 x [t-W,t + W] 

is /T-bilipschitz. □ 

Let R' > be the stability constant for (A,0)-quasigeodesics in the Gromov hy- 
perbolic metric space (H 2 x [t u - W, t„ + W] , df ), see Theorem 2.3. Let 8 > be the 
constant from Lemma 5.3 and set 

C = 4K(KS+R'). 

The next claim will prove the first part of the proposition. 

Claim. For any u C 6(5) the inclusion 

Hull,,, (w) -> H 3 
is a (K, C)-quasiisometric embedding. 

Proof of Claim. Since Hu11,„(m) C H 2 is isometrically embedded, it follows that the 
inclusion 

Hu\(u)^M 2 x[t u -W,t u + W] 

is a Zf-bilipschitz embedding. 

Now let z',w' G Hu11,„(m) be any two points. According to Lemma 5.3 there are 
points Zq,Wo 6 Hull,„(«) such that 

dr u (z',Zo),d, u (w',w' ) < 8 (6) 
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and such that the geodesic segment [zq,Wq] extends to a biinfinite d hl -geodesic 9' C 
Hull,,». 

Since the limit set of Hull^ («) in cLU 2 embeds in eLIHI 3 , the path 9' has two 
endpoints in cLH 3 . Let S be the cZ-geodesic with these endpoints, which is necessarily 
contained in Hull(w) ctfx [t u — W, t u + W]. In particular, 9 is a df -geodesic. Since 
the ^-geodesic 9' is a (K, 0)-quasigeodesic with respect to d t x , Theorem 2.3 implies 
that 9 and 9' have af, x -Hausdorff distance at most R'. 

Let z, w £ S be points with 

d*(z' 07 z),d*( W ' , W )<R'. 

Since d is less than d^ , appealing to this and (6) we have 

dtf,z) <d*(z',z) <^(^) + <(zo,z) <KS+R', (7) 
and likewise 

d(w',w)<d£{w',w)<K8+R'. (8) 

Combining (7) and (8) with the triangle inequality, the fact that 

HulL»^H 2 x [ tu -W,t u + W] 

is a A"-bilipschitz embedding, and the fact that d = df on Hull(w) (since Hu11(m) is 
convex) we find 

d tu {z\w')<KdZ{z\w') 

<K(d*(z, W )+d*(z',z)+d*( w , w >)) 
<Kd(z,w)+K(2(K8+R')) 

< K{d{z'M) + d{z, z ) +d(w', w)) + 2K(K8 + R') 

< Kd(z',w') + 2K(KS + R') + 2K(K8 + R') 
= Kd(z',w')+C. 

On the other hand, since d < df u on H 2 x [t u - W, t u + W] it follows that 

d(z',w') < d£ (z'y) < Kd tu + C. 

Therefore, the inclusion HulL [( (u) ->■ H 3 is a (K, C)-quasiisometric embedding, prov- 
ing the claim. □ 

To finish the proof of the proposition, let R — R' + 8 > 0, where R' is as in the proof 
of the claim. By increasing R' > if necessary, we can assume that if 9' is a (K, 0)- 
quasigeodesic in H 2 x [t — W, t + W] and 9 is the unique geodesic a <i, x -Hausdorff 
distance at most R' away, then for any segment [z,w] C 9 there is a segment [z',w'] C 
9' for which the d t x -Hausdorff distance between [z,w] and [z',w'] is at most R' and 

d t x (z,z')A x ^y)<R'- 
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Let u C 6(5) be any simplex. Given z,w € Hu11(m), let S be a biinfinite geodesic in 
Hu11(m) containing points zo, wo C S such that 

d(z,Zo),d(w,w ) < 8, 

as given by Lemma 5.3. 

Let 9' be the unique d t „ -geodesic in Hull tu (u) with the same endpoints as S- Since 
3' is a (K, 0)-quasigeodesic for df, it has t/^-Hausdorff distance at most R ! from Q. 
Let z',w' G S' be any points such that the af,*-Hausdorff distance between [zo,wq] and 
[z!, w'] is at most R' and 

d*(zo,z!),dZ(w ,w , )<R'. 

Since > d, it follows from the triangle inequality that d(z,z'),d(w, w') < R' and [z, w] 
and [z',w'] have of-Hausdorff distance at most R' + 5 — R, completing the proof. □ 



6 Hull intersections 



Let C(M Go ) = Hull(G )/G and C(M G ) = Hull (G)/G. Since G <iG is an infinite 
normal subgroup, the limit sets are equal so Hull(Go) = Hull(G), and hence there is an 
induced covering map C(Mq q ) — > C{Mq) — in fact it is a Z-covering. The same is true 
for the r-neighborhoods, for any r > 0, 

N r (C(M Go ))^N r (C(M G )). 

We can compose the fibration M — > S 1 with the map A^(C(Mg)) —> M obtained 
by restricting the covering map Mq — > M. This produces a map /: N r (C{Mo)) — > 5 . 
This lifts to /: N r (C(M Go )) -> R which is simply the restriction to N r (C(M Go )) of the 
projection onto the second coordinate of the product structure M Gq = 5g x R. Let 
5g ,o = 5g„ x {0}. 



N r (C{M Go )) —>N r (C(M G )) 

r r 

M G() > Mq > M 

R > 5 1 5 1 



Because Tj : G — >• Z is surjective, the fibers of / project homeomorphically to the 
fibers of / by the covering map N r (C(M Go )) N r (C(M G )). In particular, because / 
has compact fibers, so does /, and hence 

7^(0) =Nr(C(M Go )) n5 Go , C 5 Go . 

is compact. We will assume, without loss of generality, that for whatever choice of r we 
investigate, is a regular value for / restricted to the boundary of N r (C(M Go )). Then 
/ -1 (0) C 5g 0j o is a compact submanifold, hence has only finitely many components. 
The next Proposition is the key ingredient needed to adapt the arguments from [17]. 
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Proposition 6.1. There exists D > such that for any simplex u S G(S), the diameter 
o/Hu11(m) fWi (Hull(G)) is at most D. 

The proof of Proposition 6. 1 requires the following lemma. 

Lemma 6.2. Let R>0 be the constant from Proposition 5. 1. There exists a D' > with 
the following property. Given any u £ C(S), let t u € Z be the integer from Proposition 
5.1. Then any d t[ -geodesic segment 

[z',w'} C N R+l (Hull(Go)) n Hull,,, (a) 

has d tu -length at most D' . 

Proof of Lemma 6.2. Recall that we have chosen g EG with r](g) = 1. Given u £ G(S) 
and any d tu -geodesic segment 

[z' , w'} C N R+ 1 (Hull(Go)) n Hull r , ( (a) , 

Proposition 5. 1 implies 

tg-n, .„ = f« + ri {g~'" ) = t u -t u = 0. 

Combining this with the fact that g~'" is an isometry on all of H 3 , as well as from 
to Hq, and the fact that it preserves Hull(Go) = Hull(G), it follows that 

[g- t »z',g- t »w']=g- t »{[z'M]) 

C g-'" (N R+l (Hull(Go)) n Hull,,, (a)) 
= Ak +1 (Hull(Go)) ng-'" (Hull fa («)) 
= iV R+ i(Hull(G ))nHullo(^» •«) 

Therefore, it suffices to prove the lemma for the case that t u = 0. 
By compactness, there are only finitely many components of 

f- l (o)=N R+l (c(G Q ))ns Go , . 

To prove the lemma we must bound the length of a segment in A^ + i (Hull(Go)) H 
Hu11o(m). Since such a segment must project to one of the components Xq C /~'(0), 
it suffices to find a constant D' > such that the conclusion of the lemma is satisfied 
for segments that project to Xq. Taking the maximum of the constants over the finitely 
many components of f~ 1 (0) will complete the proof. 

Let pq: Hq — >■ Sg ,0 be the covering projection and Xq C Pq (Xq) a component 
of the preimage. Since Go acts transitively on the components of Pq 1 (Xq), given a 
Jo-geodesic segment 

[z>'] Cp 1 (^o)nHullo( M ) 

there exists an element go £ Go such that 

[go(z'),go(w')]=g ([z!,w / ]) C Xq n Hullo (go •«). 
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Therefore, it suffices to find a constant D' > such that for all u G 6(5) with f„ = 0, 
any geodesic segment 

[z',w'} ci n Hullo (w) 

has t/o-length at most D' . This follows from the next claim. 

Claim. There exists D' > such that for any «£ 6(5) with t u — 0, f/ze do-diameter of 
Xq n Hullo (m) w at most D' Q . 

Proof of claim. Since Xq is a compact manifold, %\ (Xq) is finitely generated, and hence 
the image in Go is a finitely generated subgroup G\ < Gq. A conjugate of G\ acts 
cocompactly on Xq, and without loss of generality, assume it is G\ itself. It follows that 
there exists r > such that N r (Co(G\)), the r-neighborhood of the Jo-convex core of 
G\, contains Xq. Consequently we have 

^,CiVr(Hii]lo(Gi)). 

By Section 5 of [17], since Gi is finitely generated and purely pseudo-Anosov there 
exists D' > such that N r (Hullo (G\)) Pi Hullo (m) nas diameter at most D' . Therefore, 
so does Xq n Hullo ( u )- d 

This completes the proof. □ 

Proof of Proposition 6.1. Let D' > be as in Lemma 6.2 and set D = 2R + KD' + C, 
where K, C,R are as in Proposition 5. 1 . Now suppose u C 6(5) is a simplex and 

z,we»i (Hull(G))nHuh». 

Since this is the intersection of two convex sets in H 3 , the geodesic [z, w] also lies in 
this intersection. By Proposition 5.1 there exists a d tu -geodesic [z',w'} C Hull r „ (u) with 
J-Hausdorff distance at most R from [z, w]. 
It follows that 

[z>'] cA^ +1 (Hull(G))nHull,„(«), 

and hence has d lu -length at most D 1 by Lemma 6.2. Combining this with Proposition 
5.1 and the triangle inequality we see that the af-distance between z,w is at most 

d(z,w) <d(z,z')+d(z',w')+d(w',w) 
<R+Kdt u (z',w')+C+R 
<2R + KD' + C = D 

as required. □ 
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7 End of the proof 



We remark that this is formally just like the proof of Theorem 6.3 in [17]. 

Proof of Theorem 1.1. Fix a vertex u £ 6° (S) and a point x £ Hu11(m) nHull(G). Let 
fig denote the path metric on the curve complex C(S) and equip G with the metric 
defined by 

dc{g,h) :=d Hutt{G) (g-x,h-x) = d(g-x,h-x). 

Since G acts cocompactly on Hull(G), the Svarc-Milnor lemma (Theorem 2.4) implies 
that do is quasiisometric to any (finitely generated) word metric on G. 

We need to show that the orbit map (G,dc) — > (Q(S),de) defined by g M> g ■ u is a 
quasiisometric embedding, so we must find constants K > 1 and C > such that 

gd G (l,g)-C<de(u,g-u) <Kd G (l,g) + C 

for all g £ G. Such an upper bound follows immediately from the triangle inequality 
and the fact that d G is quasiisometric to the word metric on G, and we therefore focus 
on the lower bound. 

Let (kq, u\ , u n ) be a geodesic path in C(S) from u = kq to g ■ u = u n , where 
n = d^(u : g ■ u). We will use this to construct a path from x to g -x in Hull(G) whose 
length is bounded in terms of n. Let 0),- = [m,-_i,m,] C 6(5), 1 <i<n, denote the 1- 
simplices comprising our C-geodesic from u to g -u. For a simplex v £ G(S), recall that 
Hull(v) £ H 3 is defined to be the convex hull of the limit set of the stabilizer %\ (S) v 
of v in 7Zi(S) < r. Since m,_i,m, £ the corresponding stabilizers are related by 
^i {S)mj C K\ (S) Ui _i H 7Ti (5) Ui . So the corresponding hulls satisfy 

Hull(o),) £ Hull(wi-i) nHull(M,). 

In particular, for each 1 < i < n we have that 

Hull(a),),Hull(a), + i) £ Hulh>,). (9) 

We now construct a piecewise geodesic path y £ H 3 connecting x to § • x as follows. 
For each 1 < i < « choose any point x, £ Hull(o ( ); we also set xq = x and x„ + \ = g ■ x. 
Recall that, by choice of x, we have xq = x £ Hu11(m) = HuII(mo) and therefore also 
that x n+ \ = g -x £ Hull(g • m) = Hu11(m„). For each < i < n we let let y denote the 
£/-geodesic [x/,a:,-+i]; since Hu11(m,) is convex, equation (9) and the above implies that 
ji £ Hu11(m,). The concatenation y = 70 7i ... 7,, now gives a piecewise geodesic path 
from x to g ■ x. 

The path 7 may be arbitrarily long and is furthermore not necessarily contained in 
Hull(G). 

Let t: H 3 — > Hull(G) be the closest point projection. It is a well known fact in 
hyperbolic geometry that T is a contraction and that, furthermore, there exists a constant 
T > such that for any cZ-geodesic segment a outside of A^i (Hull(G)), the projection 
t(ct) has length at most /(t(cj)) < T. Now, since Hu11(m;) HN\ (Hull(G)) is convex, 
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it cuts ji into at most three geodesic segments: at most one in Hu11(m,) P\Ni (Hull(G)), 
which, by Proposition 6.1, has length at most D, and at most two which are disjoint 
from Hu11(m,) HiVi (Hull(G)). By the contraction properties of T, it follows that 

l(T(Yi))<2T + D 

for each < i < n. Since r(y) is a path in Hull(G) connecting x to g -x, we conclude 
that 

d G (l,g)=d Huim (x,g-x)<l(T{ r j) < (27/ +£>)(« + 1). 
Isolating n = d^(u,g ■ u), we find that 

d e (u,g-u)=n> 2r+D (i G(l,g)-l- □ 

8 Generalizations 

We now modify the proof of Theorem 1. 1 to prove Theorem 1.2. Suppose that S is a 
closed surface and © < Mod(5) is a subgroup of Mod(S). Section 2.5 explains that 
there is an associated 7i\ (S) extension which includes into the Birman Exact Sequence 
as in (3): 

i — >• 7ti(s) > r© > © > l 

II I I 

1 — > ni (S) — > Mod(5) — > Mod(S) — > 1 

According to Theorem 2.9, the group F@ is 5-hyperbolic if and only if © is convex 
cocompact; see also [21]. 

Theorem 1.2. Suppose S is a closed surface, < Mod(S) is a convex cocompact 
subgroup and G < Tq is a finitely generated quasiisometrically embedded subgroup. 
If G is purely pseudo-Anosov as a subgroup o/Mod(5), then it is convex cocompact. 

Remark. We note that although we are able to replace the Y from Theorem 1 . 1 with a 
more general class of groups, we do need the assumption on the subgroup G < T©. This 
is due to the fact that a generalization of Lemma 3. 1 seems quite difficult, or perhaps 
false, in this more general setting. 

To simplify notation, we henceforth write T = T©. 

We start by describing a geometric model for F that will be most useful for the 
proof. By passing to finite index subgroups, we assume © is torsion-free. Let B denote 
the Cayley graph of with respect to some finite generating set, and B ~B/® the quo- 
tient wedge of circles. Choose any continuous map B — > Teich(S) which is equivariant 
with respect to the actions of © on B by covering transformations and on Teich(S) via 
the action induced by the inclusion — > Mod(S). The Bers fibration 

H 2 — > Teich(5) — ► Teich(S) 
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is equivariant with respect to the Birman Exact Sequence, and we can pull back the 
bundle to B so that all maps are equivariant: 



i — > ffj(s) > r 

I o 
H 2 >X 



1 -» Wi(S) — 





i 

Mod(5) 



H 2 



-> 







I 

Mod(5) 



-> B 







-> Teich(5) 



-> 1 



-> 1 







-> Teich(5) 



(10) 



We give X a T-invariant geodesic metric d for which the induced path metric on 
the fiber (p~ l (t) = H 2 for t e B is the hyperbolic metric c/ ( . Each quotient by the 
corresponding group is compact, and this produces an 5-bundle over B: 



X 



B. 



By the Svarc-Milnor lemma (Theorem 2.4), any orbit map r — > X is a quasiisometry 
with respect to the word metric on F for any fixed finite generating set. 

The analogue of Proposition 5.1 we need is the following. Here F acts on B via 
the homomorphism F — > © and on 6(5) by the homomorphism F — ► Mod(5). We write 
Hull, (u) to denote the convex hull in H 2 of the stabilizer it\ (S) u of u in 7Ti (S), as before. 

Proposition 8.1. Suppose that we are in the situation (10) and X is 8-hyperbolic. 
There exist K,C > with the following property. For any simplex u C 6(5) there exists 
a vertex t u 6 B^ satisfying ty. u = y • f M /or a// y € T, anii ^mc/i f/iaf the inclusion 

ftu\\ Ul (u)^X 
is a {K 1 C)-quasiisometric embedding. 

In Section 9, we derive Theorem 1.3 from this Proposition. 

The proof of Proposition 8.1 requires the following analogue of Proposition 5.2 
which is proven in [13]. Given any simplex u C 6(5), we let Hu11(m) denote the union 
of all quasiinvariant geodesic axes in X of elements in %\ (5)„. 

Proposition 8.2. Suppose that we are in the situation (10) and X is 8-hyperbolic. 
Then there exists W > such that for any simplex u C 6(5), the set Hu11(m) has 
diam 5 ((p(Huh»)) <W. □ 

We also need the following minor modification of Lemma 5.3. 

Lemma 8.3. There exists 8' > such that for any convex cocompact Fuchsian group 
H < PSL(2,R), any geodesic segment [z,w] in Hull(A#) C H 2 has Hausdorff distance 
at most 8' from a geodesic segment [zq,wq] which is contained in a biinfinite periodic 
geodesic in Hull(A//). 
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Proof. Since the fixed points of hyperbolic elements is dense in Ah x Ah, it follows 
that any biinfinite geodesic in Hull(A#) is a limit of periodic geodesies. So we may ap- 
ply Lemma 5.3 to first find a segment [zo,Wg] m some biinfinite geodesic in Hull(A//), 
then approximate this as close as we like by a segment [zo,wo] contained in a periodic 
geodesic. □ 

Proof of Proposition 8.1. For any simplex u C G(S) we choose a vertex f„ within a 
distance at most 1 from <p(Hull(i<)), subject to the equivariance condition ty. u = y-t u 
(compare the proof of Proposition 5. 1). We now prove that t u has the required proper- 
ties. 

Let R = W+ 1, let t G B^°\ and consider the preimage (p _1 (B ff (r)) of the closed 
ball Bn(t). Equip (p~ l (BR(t)) with the induced path metric c/, x . Since 7ti(S) acts co- 
compactly on and (p _1 (B ff (f)), the Svarc-Milnor lemma (Theorem 2.4) implies 
that this inclusion is a (/fjCQ-quasiisometry for some K,C' > 1. In particular, the 
space (p~ l (BR(t)) is Gromov hyperbolic. Since © acts transitively by isometries on 
(because B has only one vertex), K and C' are independent of t . Given any sim- 
plex u C C(5), we have Hull r „(«) C <p~' (B«(f M )) by assumption. Since the inclusion 
Hu11, m (m) — > Hj is an isometric embedding, the inclusion 

Uall tu {u)^(p- l (B R {t u )) 

is a (^T,C')-quasiisometric embedding. 

Let R ! > be the stability constant for (ZT,C')-quasigeodesics in the Gromov hy- 
perbolic metric space (p _1 (Z?«(f„)) given by Theorem 2.3. Let 8' > be the constant 
from Lemma 8.3 and set 

C = 4K(8' + R')+C. 
The next claim will prove the proposition. 
Claim. For any u C G(S) the inclusion 

Hull,,, (u) -)■ X 
is a (K, C)-quasiisometric embedding. 

Proof of Claim. Let z',w' £ Hu1L„(m) be any two points. Observe that 7Ti(S)« is a 
finitely generated subgroup of the closed surface group 7ti(S), so it is a convex co- 
compact Fuchsian group. By Lemma 8.3 there are points z[f,w' Q E Hu11,„(m) such that 

d tu (z',z!o),d tu ( w ' lW ' )<8' (11) 

and such that the geodesic segment [zq, w' ] extends to a biinfinite periodic d hl -geodesic 
S' C Hull,,, (m) invariant under an element hEK\ (S) u . 

Let S be a quasiinvariant li-geodesic axis for h; thus 9 C Hu11(m) C (p~ l (Bj{(t u )). 
In particular, S is a of^-geodesic. Since the d tu -geodesic 9' is a (Zf,C')-quasigeodesic 
with respect to d^, the t/ r *-Hausdorff distance between 9 and 9' is at most R'. 

Let z, w <E 9 be points with 

d? u (z' ,z),d*{w' ,w) <R'. 
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Notice that d(z,w) = df (z,w) because z, w G S C Hu11(m). Appealing to this and (11), 
we have 

d(z',z) <d*(z',z) <d*(z',z' )+d*(z' ,z) <8' + R\ (12) 

since d is less than , and likewise 

d(w',w) <d*(w',w) < 8'+R'. (13) 

Combining (12) and (13) with the triangle inequality, the fact that Hull riJ (M) — > 
(p~ l (B]t(t u )) is a (/T,C')-quasiisometric embedding, and the fact that d(z,w) = df (z,w), 
we find 

d tu (z!,w')<Kd t *(z',w')+C' 

< K(d* (z, w) + d* (z',z) + < (w, w')) + C 
<Kd(z,w)+2K(8'+R')+C' 

< /sT(d(z',w / )+rf(z,z / )+rf(w',w))+2/s:(5 / + /?')+C / 

< Kd(z',w') + 2K(8' + R') + 2K(8' + R') + C 
= Kd(z , ,w')+C. 

On the other hand, since d < d, x < d, on Hull, (u), it follows that 

d(z',w') < d* (z', W) < d tu (z', w') < Kd tu (z', W) + C. 

Therefore, the inclusion Hull tu (u) X is a (K, C)-quasiisometric embedding, proving 
the claim. □ 

This claim completes the proof of the proposition. □ 

We have the following corollary which will be used to prove Theorem 1.2. 

Corollary 8.4. Suppose that we are in the situation (10) andX is 8-hyperbolic. Then 
there exists Do > such that for any pair of adjacent vertices u\,u 2 £ e(°)(5), there 
are points x' 6 Hull; I(| ([wi,M2]) andx" £ Hull; U2 ([mi, 1*2]) with d(x' ,x") < Do. 

Proof. First observe that the inclusions 

Hull^ {[ui,u 2 ]) C Hull, 1(i (mi) and Hvu\ 2 {[u\,u 2 ]) C Hull r „ 2 (« 2 ) 

are isometric embeddings, and hence Hull r , (i (\u\ : U2\) and Hull, 1(7 ([mi,«2]) ar e (K,C)- 
quasiisometrically embedded in X. A quasiinvariant cZ-geodesic axis for any ele- 
ment of 7t{(S){ ln „ 2 ] is contained in a uniformly bounded neighborhood of each of 
HulL^ ([mi,«2]J an d Hullf u ([«i,M2]), and hence there are points in these hulls within 
some uniform distance Do > of each other. □ 



Let Go = G (~1 Tt\ (S) and G < © denote the image of G under the homomorphism 
r — > 0. Denote the quotients of X by the actions of Go, G, and %\ (S) by Xq , Xq, and 

G . 



Xg, respectively. Denote the quotient of H 2 by the action of Go by Sc , and the quotient 
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of B by the action of G by Bq. We arrange all these quotient maps and all previous maps 
into the following diagram, labeling those we will need to refer to explicitly. 



H 2 ► S G() 




B 1 > B G — > B 



The fact that each of the spaces X, Xq , and X s are products follows from the fact 
that Xs is a product, which in turn follows from the fact that the quotient of Teich(S) by 
%\ (S) is an 5-bundle over the contractible space Teich(5'). We also note that Xq and 
Xq are Sg -bundles over B and Bq, respectively, with the latter bundle the quotient of 
the former by the action of G/Gq = G by bundle transformations. 

For any vertex t G B^ we let H 2 , Sa ,t, and S t denote the fibers over t in X, Xq q , 
and Xs, respectively. We equip these with their induced path metrics, all of which we 
denote d t . Similarly, given v G B^\ let Sg , v denote the fiber over v in Xq with its path 
metric d v . Observe that if q(t) — v, then the restriction of po to (SG ,t,d t ) is anisometry 
to (SGo,v,dv). 

Lemma 8.5. Suppose that we are in the situation (10), the space X is 8- hyperbolic, 
and G <T. Given x G X and R > there exists D' > with the following property. If 
u is a simplex of£(S), then any d t[ -geodesic segment 

[z,w\t u CN R (G-x)C\U\x\\t u {u) 
has diameter at most D' . 

Proof. The reader may wish to refer to (14) throughout the proof. 

For any x G X and R > we consider the closed /^-neighborhood Nr(G -x) of the 
G-orbit of x. Observe that p(G-x) = p{x), and so p(Nr(G ■ x)) = Br(p(x)), the closed 
ball of radius R about p(x), which is compact. Since / is continuous, it follows that 
f(BR(p(x))) C Bq is compact, and hence contains only finitely many vertices 

V = {v u ...,v n }=f(B R (p(x)))nB<§ ) . 



21 



Also, for each i = l,...,n, pick f; with q(tj) = v, and set 

r = {r 1 ,...,f„}cB (0) 

so that G T = q (V) (where G is acting on T C B by the quotient G — > G). Then, 
given any t efi' ' we have 

H?nAfe(G-jc)^B <S> 5 Go ,,npi(A^(G-x))^0 
^ 3 g € G such that g-t&T. 

For each i = l,...,n, the map po takes (5g fi ,d/ ; ) isometrically to (SG , Vi ,d Vj ), and 
restricts to a homeomorphism on the intersections 

SGb A npi(Afe(G-*)) — SGb,v,n2?n(p(jf)). 

Since the target of this restriction is compact, so is the domain. So there is a compact 
connected subsurface E, C Sgq^ with 

S GoA npi(N R (G-x))cZi. 

We may assume E; is 7Ti-injective, and we let G\ = %\ (E,-) < Go be the finitely generated 
image. 

Let E, denote the component of pj (£,•) C stabilized by G,- and let r, > be 
such that 

E/CA^HulLXG-)). 

Observe that any geodesic segment [z,w](. C (~)Nr(G -x) projects by p\ to be con- 
tained in SG .tj H pi(Nr(G -x)) C E,. Therefore [z,w] fj is contained in a Go translate of 
E,-, and hence a Go-translate of A^ r , (Hull r| (G,)). 

Now, let u C 6(5) denote any simplex. Given any geodesic segment in the inter- 
section 

[zMtu cHull r >)rW«(G-x), 

we may apply an element g G G with g-t u = f, to this, by (15). By Proposition 8.1, we 
have g ■t u = t g . u , and so 

[g-Z,g-w\ tg . u =[g-z,g- w] H C Hull,, (g ■ u) n Nr{G -x) = Hull fgll (g ■ u) DN R (G • x) . 

Since g acts by isometries, it follows that 

diam( [z, vv] f[ , ) = diam( [g ■ z, g ■ w] tg . u ) . 

So it suffices to prove the lemma for segments [z, w] tll where t u — f, for some i. As noted 
above, all such segments are contained in a Go translate of A^, (HulL^G;)). Therefore, 
appealing to Proposition 8. 1 again, it suffices to prove the lemma for segments 

[z,w]n c^,(Huii r ,(G-))nHuii r „(«) 
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where t„ = tj. 

As noted in the proof of Lemma 6.2, it follows from [17] that there exists a A' 
which bounds the diameter of such a segment, depending on G, and r,, but not u. 
Setting D' = max{D i , . . . , D n } completes the proof. □ 

Given a subset Y C X, let %: X — > Y denote a closest point projection map. The 
following is a consequence of quasiconvexity and hyperbolicity. 

Lemma 8.6. Suppose that we are in the situation (10), the space X is 8- hyperbolic, 
and Y C X an A-quasiconvex subset. There is a A > such that % is (A , X)-coarsely 
Lipschitz. 

Moreover, given C > there exists Rq > such that for any R > Rq and any 
(K, C)-quasigeodesic y C X, 

diam(7r(7)) < diam((yrW ff (T)) ) +Ro 

where {y(^Nr(Y))q is the longest segment of J contained in Nr(Y). 

Proof. The first part is well-known. To prove the second part, we observe that a quasi- 
geodesic y= [z,w] can be decomposed into three segments [z,w] = [z,z'][z' ,w'}[w' ,w] 
(some of which may be empty), where [z',w'} remains a bounded distance from Y and 
[z,z'} remains a bounded distance from a geodesic joining z to n{z) (and therefore has 
uniformly bounded projection diameter). Similarly, the path [w 1 , w] remains a bounded 
distance from a geodesic joining n(w) to w. □ 

The next proposition follows by simply assembling the results above. 

Proposition 8.7. Suppose that we are in the situation ( 10), the space X is 8— hyperbolic, 
and G <T quasiisometrically embedded. Given x G X and letting %: X — > G ■ x de- 
note a closest point projection map, there exists D > with the following property. 
Given any simplex u C 6(5) and t u -geodesic segment [z,w\ tu C Hu1L- u (m) we have 
6iam(n([z,w] tll )) < D. 

Proof. Let K, C be as in Proposition 8.1. Since G < F is quasiisometrically embedded, 
G ■ x is also, and hence is A-quasiconvex for some A > 0. Let Ro > be given by 
Lemma 8.6, and fix R > Rq. Finally, let D' > be as given by Lemma 8.5 and set 
D = D'+R . 

Now [z,w]f u C Hull ril (i<) is (K, C)-quasigeodesic by Proposition 8.1. By Lemma 
8.5 and the second part of Lemma 8.6, it follows that 

diam(7r([z,w] r „)) < diam(([z,w] ( „ rW*(G-Jt))o)+*b < D'+R =D, 
where ([z, w] tu C\Nr(G ■ x))q is the longest segment in the intersection 

[z, w]t K C\N R {G-x)(Z Hull (ll (w) n Nr {G ■ x) . 
This completes the proof. □ 
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Proof of Theorem 1.2. This now follows a similar outline to the proof of Theorem 1.1. 

We choose any vertex u £ G(S) and let x 6 HulL 1( (u) C X be any point. Let D > 
be as in Proposition 8.7. Since G < T is quasiisometrically embedded, distances in G 
are comparable to those in G x C X. As in the proof of Theorem 1.1, it suffices to 
prove that there exist constants Kq, Cq > such that 

d(x,g-x) <Kode(u,g-u)+C(). 

Let Do > be as in Corollary 8.4 and A > as in Lemma 8.6. We claim that Cq — 
max{A(Do+ and /To = 2Cq suffices. 

Let u — uq, . . . ,u„ = g ■ u denote the vertices of a geodesic [u,g ■ u] C 6(5) connect- 
ing u to g ■ u, so that n = de(u,g ■ u). For each 1 < i < n, choose points 

x' i £ Hull,,,. f ([«,■_!,«,■]) andxf £ Hull f „. ([«;_!,«,•]) 

which are a distance Dq apart, which is possible by Corollary 8.4. 
Now consider the path y connecting x and g ■ x given by 

Y = [-^lko [ x 'u x l] [*\ i^k, [ x 2i*2] ' ' ' [ x n-\ ' X 'n\t Unl [ x 'm x 'n] [ x n>8 ' x ]t„„ ■ 

Here [z, w] denotes a li-geodesic from z to w in X and [z, w], denotes a c/,-geodesic 
from z to w in Hj . Since 

x" £ Hull, Bj ([w,-_i,W;]) C Hull f „ («,•) 

and 

G HulL B .([K i -,M I - + i]) c Hulk^zt,), 

it follows that [x" ,x' j+i ] tu _ C HulL„. (m,) for every 1 < i <n — 1. In particular, the path 
7 alternates between geodesic segments in hulls Hull (ll («;) and segments of the form 
[x' i ,x'/} (note that jc,^ eHull io («o) an d x'^g -x £ Hull( Un (w„)). 

Let 7r: X — > G x denote a closest point projection. By Proposition 8.7, for every 
i = 0, ...,« — 1 we have 

d(jr(x{V(*/+i)) <diam(^([^,^ +1 ] tll .))<Z) 

and 

d{x,7t{x' l )),d{n{xl),g-x) <D. 
Since n is (A,A)-coarsely Lipschitz, we also have 
d{K{x! l ),x{x'())<Xd{x! h x'()+X<X{Do + \). 
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Therefore, since Co = max{X(Do + 1),/)}, Kq = 2Co, and d<°{u,g • u) = n we have 

1=1 
«-l 

+ Lrf(*&0.*(^i))+rf(*(<)>*-*) 

i=l 

< (« + l)D + n(A(D +l)) 

< (2n + l)C 

= (2de(u,g-u) + l)C 
= K d e (u,g-u)+C Q 

as required. □ 

9 On a theorem of Scott and Swarup 

We now prove our generalization of Scott and Swamp's Theorem [25]. 
Theorem 1.3. Let 

i — > m(s) — > r© — > @ — > l 

£>e a 8-hyperbolic surface group extension. If H is a finitely generated infinite-index 
subgroup of %\ (S), then H is quasiisometrically embedded in T®. 

Proof. It suffices to show that a finite-index subgroup H 1 of H is quasiisometrically 
embedded. 

By a theorem of Scott [26, 27], there is a finite cover S' of S in which the subgroup 
H represents the fundamental group of a subsurface of S '. Let S" be the finite cover of 
S such that 

*i(s")= n epics'))- 

Then © lifts to Mod(5"), and so there is a finite-index subgroup F' & of F@ of the form 
1 — > Zi(S") — ► — > 1. 

It follows immediately from Proposition 8. 1 that H' = HCi %\ (S") is quasiisometrically 
embedded in TL. As the latter is finite-index in T©, it is quasiisometrically embedded 
there, and so H' is quasiisometrically embedded in T©. □ 
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